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1. Introduction

1.1 Background

Time series
Time series is a series of values of variable collected over time. Time is an independent variable in the
series. Time series analysis has been done widely in Hydrology. Examples of time series data in
hydrology are:

e Temperature

e Precipitation

e Discharge or water level

e Evaporation

e Groundwater level

e Tide level readings

Model
A model is a simplified representation of reality. A mathematical model consists of a set of equations
describing the system.

Population
A population is a collection of all possible values of a variable.

Sample
A sample is a group of values chosen from a population.

Random variable
A random variable is a variable which is associated with chance or random phenomenon.

Deterministic and stochastic (random, probabilistic) process
If the value of a variable can be predicted uniquely, then the process is known as deterministic process.

The equations in deterministic process are based on the physics of the phenomenon. Such process does
not involve any randomness. Therefore, a given set of input always generates same set of outputs. For
example, the equation for rating curve is Q = aH" where Q = discharge, H = stage, a and b = constants.
This equation represents deterministic process.

If the value of a variable cannot be predicted uniquely, then the process is known as stochastic process.
The equations in stochastic process are formulated from the historical properties of data (data-driven
model). Such process involves randomness in a variable and the value of random variable is associated
with probability distribution. Therefore, a given set of input generates different set of outputs in each
trial. For example, discharge at time t is predicted as Q; = kQ..,+e; where e; is a random component.
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Time series model

It is a mathematical model which represents the time series data. It is also known as stochastic model. It
has specific mathematical form and a set of parameters. The knowledge of statistics is widely applicable
in time series modeling.

Example

a. Let X; = normally distributed random variable with mean p and variance a?

X; = f(e;), where e, = independent random variable, normally distributed with mean=0 and variance =1
A form of time series model: X; = u + ge;

Parameters: u, o

b. Dependent

Qr =aQi-1 te

Q, = Discharge at time t, e; = same meaning as above

Q, depends on Q.

Time series modeling

A technique and procedure for fitting time series data is known time series modeling. The following are
the steps to be followed in time series modeling.

e Selecting types of model among several alternative models

e Identifying form of model

e Parameter estimation

e Testing the goodness of fit

Realization

Realization is an outcome of an experiment in which the process is observed. It is a single time series for
a stochastic process.

Ensemble

Ensemble is a collection of all possible realizations of a process.

Ergodic property

Time average properties are based on single realization, whereas ensemble average properties are
based on several realizations. If time average properties and ensemble average are same, the time
series is said to be ergodic.

Normalization

Normalization is the process of converting time series data into normal distribution

1.2 Application of time series analysis in Hydrology
e To generate synthetic hydrologic records
e To forecast hydrologic events
o Tofill in missing data
e To extend the records
e To detect trend and shift in records
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1.3 Physical basis of time series modeling in Hydrology

Deterministic models are based on the physics of the system, but stochastic or time series models are
based on the statistical characteristics of historical data. As data is considered to contain the generating
mechanism of the process, the time series modeling represents some physical basis in an implicit way.
The parameters of time series model can be considered to be analogous to physical based parameters
by comparing the form of equations of two models.

Examples
a. Equation for Recession limb of hydrograph
Q

A

Peak

Rising limb Recession limb

.

Equation for recession curve

Q¢ = Qoe™™

Qy: initial discharge, Q;: discharge at a time interval of t days, K : recession constant
Analogous equation with time series is represented as

Q—-Q=90Qi-1—Q +e

Q; =discharge at any time i, Q= mean discharge, e; = random component

¢ = constant, which is equivalent to exp(—K) .
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b. Precipitation-runoff process

Ground surface Precipitation

Evaporation

Infiltration
$ Surface runoff

Groundwater level

Streamflow

Groundwater storage

T

Groundwater flow
Conceptual representation of Precipitation-runoff process

Consider the watershed system as shown in the figure. Consider annual values of variables.
Precipitation =X;

Evaporation = b X;

Infiltration = a X;

Surface runoff = Precipitation- Evaporation- Infiltration = (1-a-b) X; = dX;

Groundwater storage = G,

Groundwater flow = ¢ G4

Total streamflow (Z,) = ¢ Gy.1+ dX; (n

Continuity equation for Groundwater storage is

G = Gata Xi- €Grp =(1-¢) Gat a X; (1)

According to Salas and Smith, the combined equation of | and Il can be written as

2= Zi1+ dX-[d(1-c)-ac] Xiq ()

This is a conceptual model considering conceptual representation of physical processes. Analogous
model in time series representing this form of equation is

Zy = $p1Zq e — 0164

Where e =random variable representing variable X (precipitation).
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2. Characteristics of hydrological time series

2.1 Types of hydrological time series

a. Full series and partial duration series

If a time series contains all recorded observations over time, the series is known as full time series, e.g.
daily rainfall. If a time series contains selected observations, the series is known as partial duration
series, e.g. 1 day maximum rainfall (for each year).

b. Continuous and discrete time series

If time series data are recorded continuously with time, the series is called continuous time series, e.g.
water level data recorded continuously. If time series data are recorded at discrete points in time, the
series is called discrete time series, e.g. daily rainfall, daily discharge. Such time series is obtained by
integrating continuous time series over successive intervals.

c. Univariate (single) and multivariate (multiple) time series

Univariate time series is a time series of one variable at a given site, e.g. rainfall measured at each site,
mean rainfall of a basin. Multivariate time series is a set of two or more time series, e.g. discharge data
of different stations in a river.

d. Uncorrelated and correlated time series

If value of a variable at time t does not depend on the past values, the series is called uncorrelated or
independent. Otherwise, the series is called correlated (auto-correlated or serially correlated), e.g.
autocorrelation of streamflow due to storage effects causing the water to remain in the system.

e. Intermittent and counting time series

If a variable has zero and non-zero value throughout the length of the record, the series is called
intermittent time series, e.g. rainfall data. If a time series is derived by counting the number of
occurrences of event, it is called counting time series, e.g. count of rainy days in a month.

f. Regularly (evenly) and irregularly (unevenly) spaced time series

If data is recorded on regular time interval, the series is known as regularly spaced, e.g. daily discharge
data. If data is not observed on regular time interval, the series is known as irregularly spaced, e.g. water
quality measurements

g. Stationary and non-stationary time series

If statistical properties of a time series, such as mean, variance remain constant with time, the series is
called stationary series, such as annual rainfall, annual discharge. Otherwise, the time series is non-
stationary, e.g. monthly rainfall.

First order stationary: only mean remaining constant with time

Second order stationary: mean and variance remaining constant with time
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Weak stationary: second order stationary
Strong stationary: stationary in mean, variance and other statistical properties

2.2 General properties of hydrological time series

Homogeneity: If data in series belong to one population, the series is homogeneous. The non-
homogeneity in a time series is due to natural or manmade causes, such as landuse changes,
urbanization, deforestation. Inconsistency in time series occurs due to systematic error in observation.
The longer the time series, the greater the chances of non-homogeneity.

Persistent: if value of variable depends on past values, the series is persistent. Time dependence in
hydrological series is due to the geophysical process of water storages in basin, their random fluctuation

from year to year and periodic fluctuation within a year.

Components of time series

A hydrological time series contains both deterministic and stochastic components. The deterministic
components are: trend, jump and periodicity. The random nature of process is the cause of stochastic
component.

Trend is a long term movement in time series. The trend in time series exists due to natural or manmade
causes, such as landuse changes, urbanization, deforestation. Periodicity is regular fluctuations (cyclic
behavoiur) in time series. If the fluctuation in times series is for a period of less than a year, the property
is called seasonality. The seasonality is due to the rotation of the earth around the sun. The abrupt
change in time series is referred to as jump or shift, which occurs due to sudden change in basin
characteristics.

Jump

\4

v
—

Non-parametric test: no particular probability distribution is considered.
level of significance: probability of being incorrect

Detection of trend

1. Regression test for linear trend

Fit a straight line in the form of y = at+b.
y = given variable, t = time, a, b = constant
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From linear regression analysis,

a =

_NEty)-EHEy)
NEt)-(E1)?

b — Zy_a(zt)

N

If ais not close to zero, then there is presence of linear trend in time series.

b. Spearman’s rank correlation test

List the data, X, i =1,2,......... ,n, in date order, and rank (r;) them in ascending order of magnitude
(with smallest allocated rank 1 and largest rank n)
Compute spearman’s rank correlation (Rsp)
—1——C% Y — )2
RSP - 1 n(nz_l)Z(Tl l)

Compute t test statistic

n-2
t =Ry, /—1-R3p

Find tabulated value of t for a/2 level of significance (say @ = 5%) and n-2 degree of freedom.
If computed t<tabulated t, then there is no trend.

C. Mann -Kendal test

Rank (R) the time series data in ascending order of magnitude (with smallest allocated rank 1
and largest rank n).

Compute S as

S =YY visgn(R; — R))

Sgn (x) = 1 for x>0, sgn (x) = 0 for x =0, sgn (x) = -1 for x<0

n(n—1)(2n+5)

Standard deviation of s is (g) = 5

e ]
Z- test statisticis Z = 7o

Find tabulated value of Z for a level of significance (e.g. @ = 5%, Z = 1.96).
If computed Z<tabulated Z, then there is no trend.

Removal of trend

1. Moving average method

Moving average is the average of n successive intervals of data.

Compute moving average and subtract it from original data.

2. Linear trend
Fit a straight line of the form y = at+b. At time t, subtract the values of the line from the original data.

Detection of periodicity

By visual inspection of time series: noticing effect of periods in the plots
By performing autocorrelation and spectral analysis (discussed in subsequent chapters)
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Detection of jump

By visual inspection of time series

Split record test for checking stationarity

Testing whether mean and variance of subsets of a series are not significantly different.

Approach

Divide the record into two non-overlapping sub-sets, j=1,2,...,m and j = m+1, m+2,.....,n.
Compute mean and variance of each sub-set.

Examine the variance (V) first using F test

F=V(a)/V(b) where V(a)>V(b)

Compare the computed F with the tabulated value of F for m-1 and n-m-1 degree of freedom at
a /2 level of significance. If the computed F < tabulated value of F, then the variances of subsets
can be accepted as estimates of the same population variance.

Compute pooled estimate of variance (V,) as
_ (m-1)V(a)+(n—-m—-1)V(b)

Y —
Test statistics for mean is
f= [M(a)-M(b)|
===
n-m

Compare the computed t with the tabulated value of t for n-2 degree of freedom at a/2 level of
significance (two tailed). If the computed t < tabulated value of t, then the mean zero difference
between two subsets is accepted.

Double mass curve analysis for checking consistency

Compute cumulative sum of data (mostly annual data is sufficient) of base stations (A).

Compute cumulative sum of mean value of neighbouring stations (B).

Plot A versus B and fit points by a straight line. If there is no break in the line, the data is
considered to be consistent.

https://civinnovate.com/civil-engineering-notes/



3. Statistical principles for time series modeling

3.1 Concept of probability distribution

a. Frequency
For discrete random variable, the number of occurrences of a variate is generally called frequency.

When the number of occurrences of a variate, or the frequency, is plotted against the variate as the
abscissa, a pattern of distribution is obtained. The pattern is called the frequency distribution.

b. Relative frequency function

If the number of observations n; in interval i is divided by the total number of observations, the result is
called relative frequency function f(x)

fs(x) =ni/n

This is also called the probability of a function.

c. Probability mass function (PMF) and Cumulative Distribution Function (CDF) of discrete random
variable

PMF: PMF gives the probability associated with all possible values of random variable. For a discrete
random variable X, PMF (P(x;)) is given by
P(x;) = P[X=xi]
Properties of PMF
o 0<ZP(x) <1

e XP(x)=1
. P[aSXSb]=Z§§2P(xi)
F(x)
P(x)
—
AR A I
% T X
PMF CDF

CDF: CDF is the probability of the event that the random variable X is less than or equal to x, for every
value x.

F(x) = P[X < x]

For a discrete random variable, the CDF is found by summing up the probabilities. P[X=x;] can be

computed by
P[X=x] = F[x]- F[xi1]
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d. Probability Density Function (PDF) and Cumulative Distribution Function (CDF) for continuous random

variable
f(x) F(x)

PDF CDF

PDF represents the probability associated with the random variable, which is given by
Pla<X <b)= [’ f(x)dx
conditions
fjooof(x)dx =1landf(x) =0
X = specified value of variable X, f(x) = frequency of occurrence of x, P(a < X < b) is the probability that
x lies between a and b.
The CDF for continuous random variable is given by
F(x) =P[X <x] = [ f(x)dx
Knowing CDF, P(a < X < b) can be computed as
Pla<X<b)=F(b)—-F(a)

Relationship between PDF and CDF is

Flx) = dl;—;x)where f(x) = PDF and F(x) = CDF

The magnitude of a variable corresponding to a probability of exceedence is called quantiles.

e. Joint probability distribution

(Bivariate or multivariate)

Joint probability distribution represents probability distribution of more than one random variables.
For two discrete random variable X and Y, joint probability function is

P(x,y) = P[X=x, Y=y)

Conditions

P(x,y)=0

Znyp(x:y) =1

Joint CDF is

Fx,y)=P[X<x,Y<y]= Zssttsyp(S' t)

For —oo < x < 00, —00 < y < 0o, where p(s,t) is the value of joint probability function of Xand Y at (s,t).
For two continuous random variable X and Y, Joint pdf is

Plx;<X<xp, ) <Y<y,)= f;lzf;lzf(x,y)dxdy
Conditions
flx,y) = 0for—o0 < x <o00,—00 <y <o

I 0% f G y)dady = 1
Joint CDF for two continuous random variable

F(x,y)=P[-0 <X <x,—0o<Y<y]= ffwffoof(s,t)dsdt
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For —oo < x < 00, —00 < y < 0o, where f(s,t) is the value of joint probability function of X and Y at (s,t).

Relationship between PDF and CDF
9?F(x,y)

fly) =—-22=

dxdy

f. Marginal distribution

Given the joint probability distribution of two random variables, marginal distribution is the distribution
of one of the variables obtained by integrating out the variable that is no longer of interest.

Given P(x,y) = joint probability distribution of two random variables X and Y

Discrete case

Marginal PMF of X is g(x) = Xauy P(x,¥)

Marginal PMF of Yis h(y) = YauxP(x,y)

Continuous case

Marginal PDF of X is g(x) = ffooo f(x,y)dy for—o < x < 00

Marginal PDF of Y is h(y) = fjooof(x, y)dx for —oo < x <

g. Conditional distributions

f(x,y) = joint pdf of two random variables X and Y
g(x) = marginal pdf of X
h(y) = marginal pdf of Y

conditional pdf of X is f(x/y) = frify?

fxy)
gx)
If f(x/y)=g(x) and f(y/x)=h(y) , two random variables are independent. In this case,

f(x,y) = g(x) h(y)

conditional pdf of Yis f(y/x) =

h. Derived distributions
Given the pdf of independent variable, derived distribution is the distribution obtained for functionally

dependent variable.
Given: f(x) as pdf of X
To compute pdf of Y, say g(y)
For small element in pdf
Area of pdf of X = area of pdf of Y
f(x)dx=g(y)dy
dx
I =FOL

Since g(y) cannot be negative

g = fx)

dx
dy
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3.2 Statistical properties

Sample statistics

o1
Mean: X = ;Z?zlxi

. 1 _ - 1 _
Variance: s? = EZ?=1(xi — %)?, standard deviation, ¢ = \/EZ?ZI(JQ —Xx)?

T (x—%)3
Coefficient of skewness: s = %

Coefficient of variation: CV = %

Population statistics

Mean = u = E(x)= ffooo xf (x)dx = first moment about origin (expectation of X)

Median = x such that foxf(x)dx =0.5

Variance = Var(X) = E[(x — p)?] = ffooo(x — )2 f (x)dx = second moment about mean

Coefficient of variation: CV = %

Skewness: E[(x — u)3] = fjooo(x — )3 f(x)dx = third moment about mean

E[(x-w)?]

Coefficient of skewness: y = p

Kurtosis: E[(x — u)*] = ffooo(x — w)*f (x)dx = third moment about mean

E[(x—w)*]

Coefficient of Kurtosis: K = ——,

(For discrete case, replace f(x)dx by p(x) and apply summation sign.)

Covariance between two random variables X and Y
Covariance is the linear relationship between two random variables.

Cov(X,Y)=E[(X — ) (Y — iy)]

= [0 15— )y — ) £ (x,y)dxdy
Uy and p,, = mean of variables X and Y
f(x,y) = joint pdf of X and Y

Cov (x,y) is also given as
Cov(X,Y)=E[XY]-E[X]E[Y]

3.3 Chebyshev’s inequality

Knowing mean and standard deviation of a variable, approximate probability can be obtained by using
Chebyshev’s inequality. It states that for any k>1

Pl[u—ko) <X <(u+ko)]= (1 - k—12) where u = mean and ¢ = standard deviation of a variable

Proof:
o2 =Var(X) = [ (x — w)*f(x)dx
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+ko

o2 = [ 10 = W GOdx + [0 (e — P F()dx + [, (e — w2 f (x)dx
((x — w?f (x)dx: non-negative)
In terms of inequality

—k oo

0% = [1 70— f(dx + [ (x — w?f (x)dx
In the range of—co to 4 — ko and u + ko to

|x — u| is always greater than ko

o > k2a? [* "7 f(x)dx + k202 [, f(x)dx
02 > k*¢*[P(X < (u—ko)) + P(X = (u + ko))]

1
EZP[Ix—MIZkU]

P[|x—u|§ka]21—%
P[(,u—ka)SXS(,u+ka)]2(1—k—12)

3.4 Moment generating function

e Alternative method for finding moment
If X is a discrete random variable, its moment -generating function, when it exits is given by
Mx(t) = E[e™] = Zxe™p(x)
If x is a continuous random variable, then

[o0]

My(t) = E[e™] = [__ e™f(x)dx

The r'™ moment about origin is given by r'" derivative of My (t) w.r.t t and evaluated at t=0.
d"Mx(t)

U =—att=0

Proof:

Expanding e** by Macalaurin’s series

t2 2 t3 3
My (t) =2x[1+tx+2—’!“+3—’!‘+---.]p(x)

= Sp() +tZap() + ST x%p(@) + .+ ST x"p() + -

ro, 2y tr
=1+t.“1 +ZH2+"'+F‘U7~+...

d"Mx(t) _
T = Mr +terms of t

; _ d"Mx(t)
ALlT datr

at t=0
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3.5 Normal (Gaussian) distribution

Normal (Gaussian) distribution is widely used distribution to describe hydrological variables of large
intervals such as annual runoff, annual rainfall. Random errors associated with any hydrological
measurements can be approximated by normal distribution. This type of distribution is also useful in
hypothesis testing.

The PDF of normal distribution is given by
(-w)?

— 1 - 2
f)=—=e
for —oo < x < oo,for —c0o < < 00,0 >0

u =location parameter
o =scale parameter

v

Properties

Bell shaped

Symmetric about mean

Mean, median and mode same
All odd central moment =0
For N(u, 0?)

(u-p)?

PIX<x]=F()= " 202 du . This expression cannot be evaluated analytically. The

[~
—ogyam C
alternative way is to transform N(u, o2) to standardized form.

IfZ = %, then mean of Z=0, variance =1

The variable z is known as standard normal variate. (N(0,1)). The PDF of Z is
_ 1 —z?)p

f(Z) - \/2_71'6

The cumulative distribution of Z is

P[Z<z] =F(2) = ffooo\/%_ne‘”z/zdu

Plv, S X <] = P[Pt < 7 < 227H]
= Plz; < Z < z,]

Plx; < X < x;] = F(2;) — F(21)
F(z) is found from tables.

https://civinnovate.com/civil-engineering-notes/



3.6 Central Limit theorem

It states that if a sequence of random variables X; are independently and identically distributed with
mean W and variance o’ , then the distribution of the sum of n such random variables follows normal
distribution with mean np and variance no” as n becomes large.

No need to know individual distribution of contribution of variables

For large no. of variables, even if they are not independent, the summation tends to follow normal
distribution.

For independent random variables, the convergence to normal distribution is faster.

Hydrological variables: annual runoff, annual rainfall
Outcome = no. of additive causative factor: normally distributed

3.7 Estimating the parameters of probability distribution

a. Method of moments (Karl Pearson method)

The expected value of random variable is population moment, whereas the sample moment is
computed from the given time series data. The parameters of time series model are functions of
population moments. Therefore, the sample moment is equated to population moment and the
resulting equations are solved to get the parameters. For k no. of parameters, first k population and
sample moments are equated and solved simultaneously.

b. Method of maximum likelihood (Fisher method)

According to this method, the best value of the parameters of a distribution should be that value which

maximizes the likelihood function or joint probability of occurrence of the observed sample.
f(x,a,pB,..): pdf of random variable X with parameters a, §3, ...

(X1, X2, evene Xn): observed sample

Likelihood function = f (xq, @, B, ... ) f (x5, @, B, ...) .. f (X0, @, B, ...)

or,L(x,a,B,..) =l f(xi,a, B, ...)

Find the values of a, 3, ... which maximizes the likelihood function.

It is convenient to work with log-likelihood.

In[L(x,a, B, ..)] = In[I1j=, f(xi @, B, )] = Xizq In[f (xi, @, B, )]

d
3 In[L(x,a,B,..)] =0

% In[L(x,a,B,..)] =0

3.8 Selection of distribution

a. Probability plotting
Plot between random variable and probability of exceedence

Method

https://civinnovate.com/civil-engineering-notes/



e Arrange the data in descending order and give rank (m) starting from 1.

e Compute plotting position , P (X2x,,) and return period, T (T=1/P)

e Plot given data versus P or T on probability paper
If the plot is made on probability paper of an assumed distribution and if the plot is straight line, then
the chosen distribution is valid for given data. Such plot is also useful for interpolation or extrapolation.
California formula for plotting position: P (X2x,) = m/n : simplest formula
Weibull’s formula for plotting position: P (X2x,) = m/n+1
where m = rank, n = total number of values

b. Testing goodness of fit

¥? test

Test statistics is
2 _ vk (ni-e)?
X — i=1 Lei L
Where n; = no. of observations in a class interval
e; = expected no. of observations in a class interval
No. of degree of freedom = k-h-1 where h = no. of parameters to be estimated and k=no. of class

intervals

Divide a random variables into k class intervals.

Select a probability distribution whose adequacy is to be tested. Obtain its parameters.

Determine probability p; with which the random variable lies in each class interval.

€ =np;

Compute y?

Find the critical value of yZ for k-h-1 degree of freedom and « level of significance from table.( @ = 5%
or 10%)

If computed y? is less than critical value of xZ, the assumed distribution is good fit.

Smirnov-Kolmogorov test

Compute cumulative probability P(x.,) by Weibull’s formula (P(x,)=1-exceedence prob).

Compute theoretical cumulative probability F(x,,) for the assumed distribution.

Compute the Smirnov-Kolmogorov test statistic

A= maximum of |P(x,,) — F (xp,)|

For 5% or 10% level of significance, obtain the value of Smirnov-Kolmogorov statistic Ay for sample size
n from table.

If A< Ay, the assumed distribution is a good fit for the data.
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3.9 Some commonly used probability distributions

Discrete

a. Binomial

Probability of occurrence of event r times in n successive years is found by Binomial distribution.

Prn = COT)PTq" " = —ZpTqnT

- (n—r)ir!
Where p = probability of occurrence, g = 1-p
b. Geometric
p(x) =q" 'p
n = no. of trials till the first success is met.

c. Poisson

When n tends to be very large and p tends to be very small,

ATe—4

Pp=Cnr)P q" " =

Continuous distributions

- wherenp - 4

1. Uniform

1
flx) = —a
2. Normal

(x-w)?

1 _
fx) = =t

Parameters: u, o

3. Log-normal

2
flx) = xa\lfz—ﬂeXp <(x;g§) )where y=logx

y

Parameters: uy, o,
4. Exponential
f(x) =2e™H
Parameters: 4

5. Gamma

1By B-1o—2x
f&) = 15
Parameters: 4, 8
6. Pearson type lll

_ AB(x—e)f~1e=Ax—€)

flr) =0
Parameters: 1,5, €

7. Log- Pearson type llI

_ AB(y—€)P~1e=20r-€) N
fx) = TF where y=logx

Parameters: 1,5, €
8. Extreme value | (Gumbel)

f) = gexp |22 = ex ()]
Parameters: a,u
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4. Autocorrelation analysis

4.1 Correlation and regression

Correlation
Correlation determines the degree of association between variables. The association between two
variables is called cross-correlation. Correlation measures the degree of linear dependence between two

variables.
. . . Cov(X,Y
Population correlation coefficient (r) = Cov(X.1)
Ox0y
Sxy

Sample correlation coefficient (r) = where S,, = sample covariance, s,, s, =sample standard

Sx Sy
deviation of Xand Y
If (i, yi) is the ith observation of random variables X and Y, and X and ¥ are the sample means, then ris
given by
I () i)
Sx Sy
Higher value of one variable associated with higher value of other or lower value of one variable

associated with lower value of other gives positive correlation. Otherwise, the correlation is negative.

Regression
Regression is the relationship between dependent and independent variables. It represents the cause

and effect relationship, which is described by polynomial equation.
Multiple regression consists of more than one independent variables.

Autocorrelation
Autocorrelation is the correlation of a variable with its past and future values (correlation in itself).
Autocorrelation coefficient or Serial correlation coefficient is given by

1 —k __ .
ﬁZ?ﬂ Cee=x) (Xt —Xt1k)

e =

1 —k — 1 -k JEE—
ﬁZ?:l (xt—xt)zﬁ ot (Kesk—Xeal)?

—k — JE—
Yot (e —X0) (Xt 4k —Ferk)
JErt w02 Sicf e T2

— __1 yn-k — _
Xt = T &i=1 Xt and Xy = I

Or, 1, =

n—-k
i=1 Xt+k

If n>>k.x (for large n), mean and variance of whole series can be used. Then simplified formula is
1 — — _
Tk P e =) (4 =)
1 _
= 2= (X —%)?

Where k = time lag, n = no. of data.

e =

r, can also be computed using

r = YK (oo —%) (X 41— %)
k Y (x—%)?
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The plot of serial correlation coefficient with time lag is called Correlogram or Autocorrelation function
(ACF). Partial Autocorrelation function (PACF) is the plot of serial correlation by neglecting some values.

4.2 Classification of time series considering deterministic and stochastic process

1. Deterministic series

I. Periodic series

a. Sinusoidal series

Sinusoidal data can be represented by

x(t) = CSin(2nfyt + @)

Where x(t) =instantaneous value at t, C = amplitude, f, = frequency, ¢ = initial phase angle with respect
to time origin. Example: voltage output of generator

(t
)(K[ A

AN NN
% N
|<_Tp_" ¢ T,

Sinusoidal series (without phase angle) sinusoidal series (with phase angle)
Period (T,): time for one full fluctuation

A
-+

A
A 4

fo = frequency = no. of cycles per unit time
Tp = 1/ fo

b. Complex periodic series

Series which repeats itself at regular interval is the periodic series.

X(t)=x(t+nT,); n =1,2,3,.. where x(t) = instantaneous value at t and T, = period
Such series can be represented by Fourier series

x(t) =X+ Yp-1cpSin(2nnfit + ¢y)

X = mean of series

f, = fundamental frequency

C,and ¢,, =coeff.

Complex periodic series = static component (k)+infinite no. of sinusoidal components (harmonics) with
C, =amplitude and ¢,, = phase angle

Example: daily and monthly rainfall, discharge, groundwater levels, water quality

II. Non-periodic

a. Almost periodic series
In almost periodic series, there is no common factor for frequency and no period.
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Such series can be represented by

x(t) =x+ c,Cos2ufit + 1) + c,Cos2rfot + py) + - ...

This type of series is found where two unrelated periodic phenomena are mixed. E.g. tidal levels along
coast (earth’s rotation, moon’s rotation: unrelated)

b. Transient series

All non-periodic data other than almost periodic is called transient series. Such series is represented by
time varying function.

x(t) = Ae~*' : Exponential

X(t)=A: Constant

x(t) = Ae—atcosbt X(t) x(t) x(t)

x(t) = Ae~&tcosbt

exponential

q

v
—+

Common types of transients: trend and jump

2. Stochastic series
Stochastic series is described by the probability distribution. The most widely used distribution in time
series analysis for describing random variable is the normal distribution.

In Hydrology, the mathematical techniques for analyzing stationary series are well developed. After
identifying and removing deterministic component, the resulting series is considered to be
approximately stationary.

Components of time series

Observed time series = stochastic component+ trend component+ periodic component + catastrophic
event

Stochastic component: dependent and independent (pure random component)
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4.3 Autocorrelation analysis for the investigation of independent process

The correlogram reflects the structure of the time series.

a. The theoretical Autocorrelation function (population) for an independent and random process is zero
for all lags except zero lag. (for zero lag, it is 1).

b. The Autocorrelation function (ACF) for observed data (sample) will not be exactly equal to zero due
to sampling effects. The ACF fluctuates around zero for independent sample data.

Test of significance for Autocorrelation coefficient (ry)

In a random, normally distributed series of length n, rk is found to be normally distributed with a mean
of -(n-k)™ and a variance of (n-k-1)/(n-k)*.

The 95% confidence limits are

—1+1.96vn—k—1
CLn) ==
If all the autocorrelation coefficients for various lags fall within the tolerance band, the sample data is
considered to be independent.

Correlogram of different types of series

Complex periodic with a period T,: The correlogram is periodic with same T, and unit amplitude.

Linear trend: The correlogram is a horizontal line.

Combination of periodic sine component and independent random component: The correlogram is
periodic with same frequency as sine component, but the amplitude is not unity.

Combination of complex periodic and independent random component: The correlogram is periodic
with frequency equal to fundamental frequency of complex periodic series.
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5. Time Series Models

5.1 Autoregressive (AR) model
5.1.1 Basic equations of AR model

In AR model, the value of variable at time t is equal to weighed sum of past values plus random
component.

Xe = Xpq FaXe g+ rap Xem + 00 e (

Where a4, a5, ....., @, = parameters of model, e, = random component with zero mean. Above equation
is written as AR(m) where m = order of model (no. of lag times considered).

The alternative form of above equation is

KXe—w) =Xy — )+ ay(Xey =) + @y Xpm — ) + o e (1)
Where u =expected value of the process

Yule-Walker equations

Multiplying both sides of eq. Il by (x;_, — ) and taking expectations

E[(X; =W)Xk — )] = i E[(Xpmq — 1) Ko — ] + a2 E[(Xe—p — ) KXe—p — )]

+ovnnn O E[(Xpegy — ) X — ] + o+ oo HE[e (X — )] ()

Here, E[(X;—j — 1) Xe—k — 1)] =Cov.(Xej, Xet) =y (k — j) = covariance function and E[e, (X;— — p)] =
0 (independent)

y(k) =ay(k— 1)+ ayy(k —2) + .. +a,y(k —m) (1v)
Dividing eq. IV by y(0) (variance of X;)
Pk = A1Pg-1 T QoPg—2 + .+ AmPr-m (V)

Where p = population autocorrelation coefficient

Fork=1,2,...,m, above eq. can be expanded as (with py = 1 and p_; = p; for stationary process)
p1 =0y +azpy + - F AP

P2 = a1p1+ay + AP,

Pm = A1Ppm-1 T A2Pm— + . Ay

These are known as Yule-Walker equations. The parameters can be found by simultaneously solving
above equations taking population autocorrelation coefficient equal to the sample autocorrelation
coefficient.

Relationship between variance of variable X and random component e

Fork=0ineq. (Il

Y(0) = a1y(D) + azy(2) + .. +apy(m) + Ele.(X; — w)] (Vi)

Elec(X; —w] = Eleffar(Xe—1 — ) + aa(Xe—2 =) + -+ oo H@m K — ) + -+ oo e}
(Substituting the value of X; — u from eq. (I1))
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=aEle;(Xeoy — )] + azEles(Xe—z — )] + . +anEle; (X — W] + Eley, e:]
Ele,(X; — )] =040+ --.40 + o2 (vi)

From eq. (VI) and (V1)

v(0) = a;y(1) + a,y(2) + .. +a,,y(m) + 62 where 62 =variance of independent process
Dividing eq. IV by y(0)

2

1l=a1p1 +azp; + . +ampm + V(Z; where ¥(0) = ¢ = variance of AR(m) process.
2 _ ¢
02 = (VIII)

(1-aip1—azpz——ampPm)
This is the relationship of variance between AR(m) process and independent process.

5.1.1 AR(1) model: First order AR model (Thomas-Fiering model)

This is the most widely model in Hydrology. AR(1) model is also called Thomas-Fiering model.
Xe—mw) =a;(Xeey — ) + e

From eq. (V)

Pr = Q1Pk-1 T ApPg—2 + . FAmPr—m

For m = 1, ACF of AR(1) model is

Pr = X1Pr-1

P1 = Q1P = 1

So, parameter a4 = first serial correlation coeff.

p2 = a1py = p1py = pi

P = pf

ACF of AR(1) process is completely described by p;. As p_;, = pj for stationary process, ACF is
symmetrical about vertical axis.

General form

Pk = Pikl
4
P pr

N,
v v Lag, k
» Lag k

ACF of AR(1) for +ve p; ACF of AR(1) for -ve p;

For +ve p;, ACF of AR(1) process decays exponentially to zero. For -ve p;, ACF of AR(1) oscillates about
horizontal axis, decaying exponentially to zero.
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Hydrological data such as annual flow series with recession part decaying exponentially can be described
by AR(1) with +ve p;.

AR(1) model with -ve p; cannot be used to model annual flow series because for -ve p;, the series has to
be zig-zag and the adjacent values in series should be negatively correlated; this situation is not found in
annual flow series.

Relationship of variance in AR(1) model
2

O.Z — O¢
X T (a1 p1—2pr——mPm)
For m=1
o2 =% _
(1-a1p1)
o7 = 0’32
(1_01)

5.1.2 Applicability of AR(1) model in Hydrology for generation and forecasting of annual flow (non-
seasonal)

If the first autocorrelation coefficient is significant and observed correlogram follows the trend of
theoretical correlogram for AR(1) model, AR(1) model would be suitable.

X; — ) = a;(X;—1 — 1) + e; where e, has mean zero.

a1 =P

O = Ox+/ 1- plz)

If we consider another independent process Z, with mean=0 and variance =1, then
e = Ziox /(1 — P%)

Hence AR(1) model can be written as

Xe — 1) = p1(Xe—q — ) + Ziox/ (1 — p?) . This is Thomas-Fiering model.

For forecasting annual flows, the population parameters are replaced by sample parameters. The annual
flow model is

Qe =Q+11(Qe—1 — Q) + zes,y (1 = 17)

Where Q; = flow at time t

Q = mean of flows

r, = first autocorrelation coeff.

z,= random process with mean=0 and variance = 1

The annual flow is assumed to be normally distributed.
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5.1.3 AR(2) model: Second order AR model

This is also used in Hydrology.
Xe—w) =y (Xeoqy — ) +ay(Xep — 1) + e

Pr = Q1Pk-1 T A2Pg—2 T . FApPr—m

For m = 2, ACF of AR(1) model is

Pk = A1Pk-1 1 A2Pk—2

Fork=1and 2

p1=ay+ azpy

P2 = a1p1 T a;

Solving above two equations, the parameters of AR(2) model are

P1—P1P2

Ay =—
17 1-p2
p2—p3
ay = 1—p2
P

Using sample serial correlation coefficients ry and r,instead of p; and p,, parameters @; and @, can be
estimated.

For AR(2) to be stationary

The conditions to be satisfied by parameters a; and «,

a, +a; <1

a, —a; <1

-1<a, <1

The conditions to be satisfied by p; and p,

-1<p; <1

-1<p, <1

1
pi <§(P2 +1)

ACF

The ACF of AR(2) depends on the roots of the characteristics function 1 — a;x — a,x? = 0.

For real roots, the ACF consists of mixture of damped exponentials. When both roots are positive, the
ACF remains positive as damps out. When one of the roots is negative, the ACF alternates in sign as it
damps out. If the roots are complex, the ACF will be in the form of damped sine wave.

A Pk 4
Pr

JANENEEN
\/ L
v Lag, k
» Lag k

ACF of AR(2) for both +ve roots ACF of AR(2) for one -ve root
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Pk

AN .
\\/ -

ACF of AR(2) for complex roots

5.1.4 Applicability of AR(2) model in Hydrology for generation and forecasting of annual flow (non-
seasonal)

Ke—w) =1 (X1 — ) +a,(Xe—p — 1) + e,
If we consider another independent process Z; with mean=0 and variance = 1, then

e = Z10,4/ (1 — R?) where R = coeff. Of multiple correlation
Xe— 1) =y (Xeoq — ) + a2 (Xe—g — ) + Z;0/ (1 — R?)

Replacing population parameters by their corresponding sample estimates, the annual flow model is
Qe =Q +a;(Qem1 — Q) + a2(Qe—2 — Q) + 2,5,/ (1 — R?)

Where Q; =flow attime t

Q = mean of flows

z,= random process with mean=0 and variance = 1

The annual flow is assumed to be normally distributed.

_n—mn
@y = 1-r2
1
_ i
a2 = 1-12
1
2 r12+r22—2r2r12
R* = ———
1-r]

r,, r, = first and second autocorrelation coeff.

https://civinnovate.com/civil-engineering-notes/



5.2 Moving average (MA) model

In MA model, the value of variable at time t is equal to weighed sum of present and past values of
random component (noise, shock).

Xe = e —Prec1 — Balr2 . —Pmlt-m (1

Where 4, 85, ....., B = parameters of model, e = random component with zero mean. Above equation
is written as MA(m) where m = order of model (no. of lag times).

Taking expectations

E[X.] = Ele;] — B1Elet—1] — B2Eler—3] e .. —BmE[er—m]

Ux = te — Prlte — Balte — - — Pmle

My =#e(1—271=1ﬁj) (I1)

The alternative form of above equation is

Xe—w) =e—Pree1 — Palrz e —€4em (1)

Relationship of variance

Squaring

Xy —10? = (e; — Brer—1 — Balt—z - +Pmer—m) (e — Pret—1 — B2tz v v - —Pmom)

(Xe —1)? = ef + Piels + Piely + -+ Prefpy — .
Taking expectations, we get

0% = 02 + Blod + Biod + - + PAo?

o7 = 0 (1+BF + B3 + -+ BE) (V)

Multiplying eq. (Ill) by (X;_x — i) on both sides

Xe =W)Xk — ) = (et — Pret—1 — B2€t—2 wve v —Bme—m) K — 1)
Xe =) Kk — 1) = (er — Pr€t—1 — P2€t—2 v oo - —PmCtm)
(et—k — Bret—1-k — B2t—2—k -+ = +BmEtm—k)

Taking expectations on both sides (E[e;, e.] = O: independent, E[€iag1, Etlag2] = a?)

Cov(k) = y(k) = 0Z(—Br + XJe1 BiBj+ k)
When j>m-k, the terms in the summation = 0, so above expression can be written as
y(k) = 02(—Br + X5 BiBj+ k)
Y (k) = 62 (=P + B1Br+1 + BaBr+2 + - + Bm—iBm) (V)
Dividing eq. (V) by eq.(IV)
— y(&) — (=Br+B1Br+1+B2Br+2t "+ Bm-kPm)
L70)) (1+B2+B3+-+BE)
Pr = 0 for k>m. So, the ACF has cutoff at lag m i.e. ACF of MA(m) process is zero beyond m.

This is the expression for ACF.

For MA(1)
P1= 1+i’1%
For MA(2)
_ —B1tB1b>
PL = gz
—B2

P2 = 13p2+82

https://civinnovate.com/civil-engineering-notes/



Pk

» Lag, k
0 1 2 3

ACF of MA(2)
5.3 Autoregressive moving average (ARMA) model
In MA model, the value of variable at time t is equal to weighed sum of past values of variables, and

present and past values of random component. This is combined Autoregressive and moving average
process. ARMA(p,q) model is given as

Xt = a1Xt—1 + ath_z + e +0(pXt_p + e +et - ﬁlet_l - ﬁzet_z e e +ﬂqet_q
Alternative expression is
Xe—mw) =Koy =)+ ag(Xep — ) + - ""'+ap(Xt—p — )
ey — Prer—1 — Paer—z o oo HPgCr—g
e = random process with mean zero, a4, a5, ....., Ay, B1, B2, - -+, Bm = Parameters of the model

5.3.1 ARMA(1,1) model

Xt — 1) = a1 (X1 — ) +er — Pregq
Variance relationship

2 2
O',? _ ae(l-l(-fiafz)lh&) (|)
ACF
L= (1-aif1)(a1-B1) (1)
(1+B%2-2a,B4)
Pk = A1 P fork =2 ()

The ACF of ARMA(1,1) decays exponentially from a starting value of p;. If p; and p, are known, a; can
be obtained from eq. (lll) and substituting the values on eq. (Il) gives the value of S;.

For ARMA(1,1) to be stationary

lp2l < lp1l
p2 > p1(2p1 + 1) ifp; <0
pz > p1(2p1 — 1) ifp; >0
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Pk
Pk

A
VAAR"

» Lag k
ACF of ARMA(1,1) for both +ve parameters ACF of ARMA(1,1) for one -ve parameters

5.3.2 Applicability of of ARMA(1,1) model in Hydrology for generation and forecasting of annual flow
(non-seasonal model)

Xe—w) =aXe—g —w) +e.— Pery
If we consider another independent process Z, with mean=0 and variance =1, then

_ gZ(1-a?)
e = Zt\’ 1+p2-2af

Replacing population parameters by their corresponding sample estimates, the annual flow model is
Qe =Q + a(Qe—1 — Q) + T (2 — bz;_y)

Where Q; = flow at time t

Q = mean of flows

z,= random process with mean=0 and variance = 1

The annual flow is assumed to be normally distributed.
a=2
"

_ (1-ab)(a-b)

17 14+p2—2ap

(1-a?)
T=s, | ————
XAl 1+b2-2ab

r,, r, = first and second autocorrelation coeff.

. Compute b from this.

5.4 Autoregressive integrated moving average (ARIMA) model

In this model, the current value of difference in series= weighted sum of past values of difference in
series+ present and past random component

ARIMA (p,d,q) model

Ay =Wy = ay W + auWep + - oy Wy + - tep — Brer—q — Br€r—g oo oo HBg—g
e.g. first difference at tis X; — X;_4

second difference attis (X; — X;_1) — (X¢—1 — X¢—2)
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ARIMA (p,d,q) model is a non-stationary process, However, the dth difference of X it stationary.
ARMA(p,q) is a special case of ARIMA (p,d,q) with no differencing.

5.5 Time series modeling procedure

Identification of form of model
a. Visual inspection of time series data
b. ACF for different orders
e Finding the dependence
e if the ACF of given data resembles with that of theoretical ACF of assumed model, then the
assumed model is a good choice.
Testing goodness of fit: computing confidence limit (e.g. 95%) of ACF and checking whether all
autocorrelation coefficient lies within the band.
c. Akaike information Criteria (AIC)
The AIC is defined as the log-likelihood term penalized by the number of model parameters.
In general, AIC is given as
AIC=-NIn(likelihood)+2k where N = sample size, k = number of paraneters.
For AR(m) model,
AIC(m) = —NIn(,/2) +2m
N = number of observations, m = number of parameters
s,2 = maximum likelihood estimate of variance of residuals.
The value of m which gives minimum AIC is selected as order of model.

Determination of parameters of time series models (AR, MA, ARMA, ARIMA model)

a. Method of moments

In this method, for k number of parameters, first k sample moments are computed. The sample
moments are equated to population moments, and the resulting equations are solved simultaneously to
obtain the required parameters.

b. Method of maximum likelihood

In this method, the likelihood function is first determined. The function is function of parameters given
the observation, which is represented by joint probability distribution of error term. The likelihood
function (or its logarithm) is maximized by computing partial derivative with respect to each parameter,
and equating the partial derivative to zero.

c. Method of least squares

In this method, residual is computed by comparing observed and computed value. The sum of square of
residuals (SSR) is minimized to obtain the parameters. In the minimization process, the partial derivative
of SSR with respect to each parameter is set to zero and the resulting equations are solved
simultaneously to obtain the value of parameters.
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Testing the assumptions of model (AR, MA, ARMA, ARIMA model)

a. Testing the Normality of residuals

I. Graphical method: Plot empirical distribution of residuals on a normal probability paper and verify
whether the plotted points fall on a straight line

II. Statistical method

Skewness test: The coefficient of skewness for normal variable is zero.

Kurtosis test: The coefficient of kurtosis for normal variable is three.

Chi-squared test: Chi-squared test is computed for the residuals. The tabulated value of chi-square is
obtained for the assumed level of significance and (k-h-1) degree of freedom (k = number of parameters,
h = number of class interval). If the computed chi-square less than tabulated value, the residuals are
considered to be normal.

b. Testing the independence of residuals

I. Plot of ACF: Compute ACF for different lags and prepare correlogram. If the computed ACF are close to
zero and within the confidence limits, the residuals are considered to be independent.

Il. Porte Manteau lack of fit test: The test static (Q) in this test is given by

Q =N Xi=17% ()

Where 12(e) =autocorrelation of residual e

L = number of lags

N = sample size

Obtain chi-squared value with L-p-q degree of freedom at assumed level of significance (p, q = order of
ARMA model).

If Q<Chi-squared value, the residuals are considered to be independent.

c. Testing the parsimony of parameters

Parsimony refers to the lesser number of parameters to represent a system/process. Fewer parameters
can be easily determined by optimization and there is also less parameter uncertainty in prediction.
Parsimony of parameters or selection of optimum order of model can be determined by Akaike
information Criteria (AIC). The larger the likelihood, the better the model. The more parameters, the
worse the model.

AIC for AR(m) model

In general, AIC is given as

AIC=-NIn(likelihood)+2k where N = sample size, k = number of paraneters.

For AR(m) model,

AIC(m) = —Nln(J;Z) +2m

N = number of observations, m = number of parameters

o,2 = maximum likelihood estimate of variance of residuals.

AIC for different values of m are computed. A plot of AIC-m is prepared and the order of model which
gives minimum AIC is selected.
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6. Seasonal models

6.1 Spectral analysis

Spectral analysis deals with the variation of variance of a stochastic process with frequency. The
frequency is used in the harmonic sense.

Fourier series for spectral analysis

The finite Fourier series representation for discrete random variables is written as
X, =X+ an:l[amCos(anmt) + b, Sin(2nf;,t)] (a)

Where x; = random variable, t = 1,2,...,n spaced At apart

T=total length = nAt

If nis odd, n = 2g+1 where q = no. of harmonics to be considered

a=(n-1)/2

f.n = frequency of the mth harmonic = m/n

am and b, = coefficients of the mth harmonic

f1 =1/n = fundamental frequency

With the value of f,,, Fourier series is

= q 2nmt . (2mmt
Xe =X+ 2y [amCos( - )+bm5m( - )] (b)
The values of coefficients are given by
2 2mmt
Ay = ZZ{letCos( - ) (c)
2 . (2mmt
by = ;2?:1 xeSin (T) (d)
Fourier series can also be written as

2mmt

Xe =X+ N4 cmSin(

+ ) (e)

Cm = amplitude of the mth harmonic

n

¢m = phase angle of the mth harmonic

¢t = a% + b3, (f)
—1(=bm

$m = Tan™* (22) (@)

am

Line spectrum: A plot of c2,/2 versus the frequency fm is called line spectrum. It is also known as
discrete spectrum or variance spectrum or periodogram.

The variance of the series (s2) is

5% = Zmea(Ch/2) (h)

Variance of each harmonic = c2,/2

Sum of variances of all the harmonics = variance of the series

The line spectrum consists of q=(n-1)/2 values and displays the variance explained by each harmomic.
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If nis even, then g=n/2 and eq. (c) and (d) are used to compute coefficients for m = 1,2,....,q-1 while a,

and b, are given by

ag = % r(=Dfx;and b, =0

6.2 Univariate seasonal model

6.2.1 Thomas-Fiering model for generating seasonal flows

Thomas-Fiering model is an AR(1) model which can be used to forecast/generate seasonal flow data
such monthly flows or biannual flows. The flow at time t is a weighted sum of immediate past flow plus
random component. The form of equation in Thomas-Fiering model is

pjd]

X)) = wj+—2[X@j — D~ pja] + 29 |(1-p})
Wherei=1, 2,.... = year

0']'—

j=1,2,...,m =season of a year

X(i,j) =flow in the jth season of ith year

{j and g; = mean and standard deviation of flows in jth season
p;j = correlation coeff. between flows of jth and (j-1)th season
z:: N(0,1)

In practice, the population parameters of the equation are replaced by sample estimates.

QN =0Q+b[QGj— D = Q] + 25 [(1—17)
Wherei=1, 2,.... = year

j=1,2,...,m =season of a year

Q(i,j) =flow in the jth season of ith year

Q_J and s; = mean and standard deviation of flows in jth season
7; = correlation coeff. between flows of jth and (j-1)th season

b; = regression coefficient of flows of jth and (j-1)th season
z: N(0,1)

Computation of statistical parameters for any season j
— 1 ..
Q] :Z ?=1Q(l'])

1 .. —\ 2
si= 75 Z(QN - Q)
~Ii [ N-Q)][elj-1)-0)] ‘

r= orj=2,3,4,..,m
SjSj-1
bj = L for j=2,3,4,..,m
Sj—l
Forj=1
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. L1031 -Q1l[Q(i-1,m)~ Ty
| =

b =

S15m
151

Sm

In this model, seasonal flows are considered to be normally distributed. If negative values are generated
during the computation, replace them by zero or small number.

6.2.2 Daily flow model

Yevjevich and Quimpo model for generating daily flows

Numbers of parameters in Thomas-Fiering model is 3m, where m = no. of seasons. If this model is
applied for daily flow estimation, we have to estimate a large number of parameters (e.g. 365x3), which
is not practicable. Therefore, Thomas-Fiering model is practically not applicable for daily flow simulation.
Another model developed by Yevjevich and Quimpo is suitable for such simulation.

For daily flow model, the cyclicity for a period of 365 days is considered. The variation in mean and

variance of daily flows is described by

harmonic fitting. After removing the cyclicity, an appropriate

stationary model is fitted for residual series.

x(i,j) =observed flow in the jth day of the ith year, j=1,2,....,
Yi=1x(i,))

Mean of flows in jth day (X;) = 1

Standard deviation of flows in jth day (s]) J Z? l(x(l Jj)— )

Mean of daily means (X) = _2?62 %,

Variance of daily mean (VX) = EZ%S

Mean of the daily standard deviation(S)

365 andi=1,2,.....n

—X)

= _2395 Sj
Variance of the daily standard deviation(VS) = —2365(51 - S)

Number of harmonics required for exact fitting =

sufficient for reasonable result.

Harmonic coefficients to fit for mean: a,, and b, k=1,2,
Harmonic coefficients to fit for standard deviation: ¢, and d,, k=1,2,.....

365 = ZﬂJk)
365 z:J 1%, Cos ( 365

_ 365 — 27rjk)
- 365 j=1 X, Sin ( 365

_ 365 27Tjk)
365 ~J= 15 € S( 365
2mjk

= —236 S; Sm( ] )
365 J 365

Harmonic fitting for mean is

x' =X+3r [akCos(
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) + bysin (22

Zn]k)]
365

= (365-1)/2=182, but six harmonics are usually



Harmonic fitting for standard deviation is

=S+ Zk 1 [ckCos( ) + d,Sin (2:6]:)]

gm andqgs=6
The residual series is

Vi = XEpxy where t= (i-1)365+j

557
Next, a stationary model such as AR(1) or AR(2) is fitted for y;.
Using AR(1) model
Ve =Y +1(Ve-1—§) + 25,/ (1 — )
z:: N(0,1)
r, = first autocorrelation coeff.
No. of parameters to estimate: 24 harmonic coeff., X, S, Y, Sy and r;
The daily flow is obtained by introducing cyclicity.
x(L,j) = yesj + X
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7. Generation of random numbers

7.1 Methods for generating uniformly distributed random numbers
a. Mid-square technique

In the beginning of the generation process select an initial value (seed) of 2d digit.

Square the (k-1)th random number of 2d digit to produce a number of 4d digits and select the middle 2d
digits and repeat the procedure.

Limitations: The process terminates if 0000 appears in the chain.

Example

Seed = 4538

4538’ = 20593444

Next random number = 5934

5934=35212356

Next random number = 2123

b. Mid-product technique

In the beginning of the generation process select two seeds of 2d digit.
Multiply the (k-1)th and (k-2)th random number of 2d digit and select the central 2d digit, and repeat
the procedure.

Limitations: The process terminates if 0000 appears in the chain.
Example

Seeds: 6723 and 4591

6723x4591=30865293

Next random number = 8652

8652x4591=39721332

Next random number = 7213

7213x8652=62406876

Next random number = 4068

¢. Mixed congruential method

The recursive formula used in this method is
uy =( au+c)mod m

Uy = current random number

Uk.1 = previous random number

parameter a = multiplier

parameter c = increment

parameter m = modulus
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mod refers to integer division (remainder left)
Ug = seed

Choice of parameters a, cand m
Binary computer

m=2°
c =any odd integer
amod4=1

Up = any integer seed sothat 0 < uy <m
Decimal computer

m = 10°
¢ = any integer not divisible by either 2 or 5
amod20=1

Up = any integer seed so that 0 < uy <m

According to above selection criteria, all the integers less than m appears before the seed appears. To
make the generated random numbers free from internal serial correlation, the conditions are

a~+mandc~m/2

To generate uniformly distributed random numbers in the range of 0 to 1, divide the sequence by m.
Perform autocorrelation analysis for verifying the generated random numbers to be independent.

7.2 Generation of normal random numbers

As many hydrological variables follow normal distribution, the generation of normal random number is
required in hydrological time series modeling.

If Z is a standard normal variable, then

x = pu + oZ follows normal distribution

Methods of generating normal random number

a. Inverse transformation method

If Z is a standard normal variable, its CDF is given by
__ 1 rz _t2p
F(z) = mf_oo e dt
If U= new random variable such that F(z) = U and if h(u) is the PDF of U, then
h(u)du=f(z)dz
For —oo < z < oo, the corresponding value of U is 0 to 1. i.e. U is uniformly distributed with 0 to 1.
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Procedure

First generate uniformly distributed random numbers u; and then obtain normal random numbers z;
corresponding to u; such that u;=F(z;) or z=F*(u;) where F'is called inverse function.

Using the CDF table of normal distribution, value of z corresponding to F(u;) (treated as F(z) in table)
can be found by interpolation. This method is called table look up method. The limitation of this
method is that it is time consuming.

b. Central limit theorem method

U, Uy, ..U, = m independent and uniformly distributed variables each with range O to 1

Mean of each variable = 0.5

Variance of each variable = 1/12

Let X= U+Uy+ ...+U,

According to central limit theorem, for large m, X will follow normal distribution with mean p, = p,,q +
Uyz + - + Uym and variance 62 = 62, + 025 + . + 02,

Mean of X =0.5m

Variance of X =m/12

If Z is defined as Z = =221

Jm/12’

this concept, a chain of standard normal random numbers z; can be obtained from a chain of uniformly

then Z will follow normal distribution with mean =0 and variance = 1. Using

distributed random numbers u; from the following equation.

7 = i (up—0.5m)
7 Jm/12

To generate n normal random numbers, nxm uniformly distributed random numbers are required.

where k =(j-1)m+i

In practice, m=12 or 6 is used.

Form=6
Z = (Zis=1 Uk — 3)\/5 where k=6(j-1)+i
Form=12

zj = (T} w, — 6) where k=12(j-1)+i

c. Box-Muller method

Let z; and z, be two independently and normally distributed random variables with mean=0 and
variance=1. Then the joint pdf for Z, and Z, at any point (z4, z,) is given by
d(z1,22) = f(21)f (22)
— 1 -zZ2 1 222 _ 1 —(22+z3)/2
\/2_71'6 1 \/2_71'6 2 py= e 1TZ2
The outcome is the random vector (z,, z;) in 2D, which is represented in polar co-ordinate as

Z1 = Rcos8 and z, = Rsinf

If U; and U, are two uniformly distributed random numbers in the range 0 to 1, then
z, = Rcos® = [-2In(1 — U;)]Y?cos(2nU,)
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Z, = Rsin@ = [-21In(1 — U)]Y?sin(2nU,)

Here, z; and 2z, will be two independently distributed standard normal variables. Hence, a chain of
standard normal random numbers z; can be obtained from a chain of uniformly distributed random
numbers u; in pairs from the following equation.

z; = [-2In(1 — u;)]Y%cos(2mu 1)
Zip1 = [—2In(1 — u)]2sin(2mu;4,)
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